Abstract. We construct a two-variable analogue of Perrin-Riou's p-adic regulator map for the Iwasawa cohomology of a crystalline representation of the absolute Galois group of Qp, over a Galois extension whose Galois group is an abelian p-adic Lie group of dimension 2.
Introduction
In the first part of this paper (Sections 3 and 4), we develop a "two-variable" analogue of Perrin-Riou's theory of p-adic regulator maps for crystalline representations of p-adic Galois groups.
Let us briefly recall Perrin-Riou's cyclotomic theory as developed in [PR95] . Let p be an odd prime, F a finite unramified extension of Q p , and V a continuous padic representation of the absolute Galois group G F of F , which is crystalline with Hodge-Tate weights ≥ 0 and with no quotient isomorphic to the trivial representation. Then there is a "regulator" or "big logarithm" map
which interpolates the values of the Bloch-Kato dual exponential and logarithm maps for the twists V (j), j ∈ Z, over each finite subextension F (µ p n ). Here H(Γ) is the space of Q p -valued distributions on the group Γ = Gal(F (µ p ∞ )/F ) ∼ = Z × p , and the Iwasawa cohomology H 1 Iw (F (µ p ∞ ), V ) is defined as Q p ⊗ Zp lim ← −n H 1 Iw (F (µ p n ), T ) where T is any G F -stable Z p -lattice in V . This map plays a crucial role in cyclotomic Iwasawa theory for p-adic representations of the Galois groups of number fields, as a bridge between cohomological objects and p-adic L-functions.
It is natural to ask whether or not the construction of the maps L Γ F,V may be extended to consider twists of V by more general characters of G F . In this paper, we give a complete answer to this question for characters factoring through an extension K ∞ /F which is abelian over Q p (thus for all characters if F = Q p ). Any such character factors through the Galois group G of an extension of the form K ∞ = F ∞ (µ p ∞ ), where F ∞ is an unramified extension of F whose Galois group is isomorphic to the product of Z p and a finite group of order prime to p. Denote by F ∞ the p-adic completion of F ∞ . Theorem 1.1. For any crystalline representation V of G F with non-negative HodgeTate weights, there exists a regulator map
interpolating the maps L Γ K,V for all unramified extensions K/F contained in F ∞ . See Theorem 4.7 for a precise statement of the result. Unlike the cyclotomic case, this result holds whether or not V has trivial quotients.
In Sections 5 and 5.2, we use the 2-variable p-adic regulator to study global Galois representations. Let K be a finite extension of Q, p a prime of K above p which is unramified, and K ∞ be a p-adic Lie extension of K such that for any prime P of K ∞ above p, the local extension K ∞,P /K p is of the type considered above. Let G = Gal(K ∞ /K). In Section 5, we extend the regulator map to a map
Iw,p (K ∞ , V ) is the direct sum of the Iwasawa cohomology groups at each of the primes q | p. There is a natural localisation map
where H 1 Iw,S (K ∞ , V ) denotes the inverse limit of global cohomology groups unramified outside a fixed set of primes S. As in the case of Perrin-Riou's cyclotomic regulator map, our map L G V allows elements of Iwasawa cohomology (or, more generally, of its exterior powers) to be interpreted as D cris -valued distributions on G (after extending scalars). Assuming a plausible conjecture analogous to Leopoldt's conjecture, we use the map L G V to define a certain submodule I arith (V ) of the distributions on G with values in an exterior power of D cris . Following Perrin-Riou [PR95] , we call I arith (V ) the module of 2-variable L-functions. We conjecture that there exist special elements of the top exterior power of H 1 Iw,S (K ∞ , V ) ("Euler systems") whose images under the regulator map are p-adic L-functions, and that these should generate I arith (V ) as a module over the Iwasawa algebra Λ Qp (G).
In Section 6, we investigate in detail two instances of this conjecture that occur when the field K is imaginary quadratic. We first show that for the representation Z p (1), our regulator map coincides with the map constructed in [Yag82] . In this paper, Yager shows that his map sends the Euler system of elliptic units to Katz's p-adic L-function. As the second example, we study the representation attached to a weight 2 cusp form for GL 2 /K: here we predict the existence of multiple distributions, depending on a choice of Frobenius eigenvalue at each prime above p (Conjecture 6.16), and we show that our conjectures imply the known properties of the 2-variable p-adic L-functions constructed by Perrin-Riou [PR93] (for f ordinary) and by B.D. Kim [Kim11] (for f non-ordinary). However, our conjectures also predict the existence of some new p-adic L-functions. (The existence of these padic L-functions is verified in a forthcoming paper [Loe13] of the first author.)
In our paper [LLZ12] (joint with Antonio Lei), we use the 2-variable p-adic regulator to study the critical slope p-adic L-function of an ordinary CM modular form. More precisely, we prove the analogue of [Bel11, Theorem 2] for the critical slope p-adic L-function attached to f arising from Kato's Euler system.
Setup and notation
2.1. Fields and their extensions. Let p be an odd prime, and denote by µ p ∞ the set of p-power roots of unity. Let K be a finite extension of either Q or Q p . Define the Galois groups G L = Gal(K/K) and H L = Gal(K/K(µ p ∞ )). A p-adic Lie extension of K is a Galois extension K ∞ /K such that Gal(K ∞ /K) is a compact p-adic Lie group of finite dimension.
We write Γ for the Galois group Gal(Q(µ p ∞ )/Q) ∼ = Gal(Q p (µ p ∞ )/Q p ), which we identify with Z × p via the cyclotomic character χ. Then Γ ∼ = ∆ × Γ 1 , where ∆ is cyclic of order p − 1 and Γ 1 = Gal(Q p (µ p ∞ )/Q p (µ p )) ∼ = Z p , so in particular Q ∞ (resp. Q p,∞ ) is a p-adic Lie extension of Q (resp. Q p ) of dimension 1.
2.2. Iwasawa algebras and power series. Let G be a compact p-adic Lie group, and L a complete discretely valued extension of Q p with ring of integers O L . We let Λ OL (G) be the Iwasawa algebra lim ← −U O L [G/U ], where the limit is taken over open subgroups U ⊆ G. We shall always equip this with the inverse limit topology (sometimes called the "weak topology") for which it is a compact topological Oalgebra. We also let
Let H L (G) be the space of L-valued locally analytic distributions on G (the continuous dual of the space C la (G, L) of L-valued locally analytic functions on G) endowed with its natural topology as an inverse limit of Banach spaces. There is a continuous and injective algebra homomorphism Λ L (G) ֒→ H L (G).
We shall mostly be concerned with the case when G is abelian, in which case G has the form H × Z where X corresponds to γ − 1 for γ a topological generator of Γ 1 ; and Λ L (Γ) corresponds to the subring of H L (Γ) consisting of power series with bounded coefficients. Similarly, we define H L (Γ 1 ) as the subring of H L (Γ) defined by power series over Q p , rather than Q p [∆] .
For each i ∈ Z, we define an element ℓ i ∈ H Qp (Γ 1 ) by
for any non-identity element γ ∈ Γ 1 .
Fontaine rings.
We review the definitions of some of Fontaine's rings that we use in this paper. Details can be found in [Ber04] or [LLZ11] . Let K be a finite extension of Q p ; the rings we shall require are those denoted by A K , A on π by ϕ(π) = (π + 1) p − 1. There is also a left inverse ψ of ϕ on all of the above rings, satisfying
Write t = log(1 + π) ∈ B + rig,Qp , and q = ϕ(π)/π ∈ A + Qp . A formal power series calculation shows that g(t) = χ(g)t for g ∈ Γ, and ϕ(t) = pt.
The action of Γ on A + K gives an isomorphism of Λ OK (Γ) with the submodule (A + K ) ψ=0 , the so-called "Mellin transform"
This extends to bijections
2.4. Crystalline and de Rham representations. Let K be a finite extension of Q p , and V a continuous representation of
GK , where B cris is Fontaine's ring of periods. This space D dR (V ) is a filtered K-vector space of dimension ≤ d, and we say V is de Rham if equality holds. If j ∈ Z, Fil j D dR (V ) denotes the j-th step in the Hodge filtration of D dR (V ). We say V is positive if D dR (V ) = Fil 0 D dR (V ) (following the standard, but unfortunate, convention that "positive" representations are precisely those with non-positive Hodge-Tate weights).
If L is a finite extension of K, we shall sometimes write
We also consider the crystalline period ring B cris ⊂ B dR , and define similarly
GK . This is a K 0 -vector space of dimension ≤ d, where K 0 is the maximal unramified subspace of K, endowed with a semilinear Frobenius (acting as the usual arithmetic Frobenius on K 0 ). We say V is crystalline if dim K0 D cris (V ) = d, in which case V is automatically de Rham, and there is a canonical isomorphism of K-vector spaces
For an integer j, V (j) denotes the jth Tate twist of V , i.e.
is a choice of a compatible system of p-power roots of unity, this defines a basis vector e j of Q p (j) and an element t −j ∈ B dR ; these each depend on ζ, but the element t −j e j ∈ D dR (Q p (j)) does not, and tensoring with t −j e j thus gives a canonical isomorphism D dR (Q p (j)) ∼ = Q p for each j.
We write
). The image of this map is denoted H 1 e (K, V ), and we denote its inverse by
We also denote by
the dual exponential map, which is the dual of exp K,V with respect to the Tate duality pairing (c.f. [Kat93] ).
2.5. (ϕ, Γ)-modules and Wach modules. Let K be a finite extension of Q p , and let T be a Z p -representation of G K (that is, a finite-rank free module over Z p with a continuous action of G K ). Denote the (ϕ, Γ)-module of T by D K (T ). This is a module over Fontaine's ring A K . If K is unramified over Q p and T is a Z p -representation of G K which is crystalline (i.e. such that V = T [1/p] is crystalline), Wach and Berger have shown that there exists a canonical submodule N K (T ) ⊂ D K (T ) which is free of rank d over A + K , the Wach module (see [Wac96] , [Ber04] ).
The following lemma is immediate from the definition of the functors D K (−) and N K (−):
Lemma 2.1. Assume that T is a Z p -representation of G K , and L a finite extension of K, with L and K both unramified over Q p . There is a canonical isomorphism of
where ϕ acts on O L via the arithmetic Frobenius. If V = T [1/p] is crystalline, then this isomorphism restricts to an isomorphism
Recall (c.f. [Ber04] ) that for the Frobenius on D K (T ) does not necessarily stabilize N K (T ), but induces a map ϕ :
For any j ∈ Z we can identify N K (T (j)) with π −j N K (T ) ⊗ e j , where e j is a basis vector of Z p (j) as above.
If K = Q p , we sometimes drop the subscript and write D(T ) for D K (T ), and similarly for N(T ).
2.6. Iwasawa cohomology and the Perrin-Riou pairing. Let K be a finite extension of Q p and let T be a Z p -representation of G K . Let K ∞ be a p-adic Lie extension of K. Definition 2.2. We define
where {K n } is a sequence of finite extensions of K contained in K ∞ such that
It is clear that the groups H
There is a natural extension of the Tate pairing to this setting. We may clearly choose the sequence {K n } so that each K n is Galois over K. If −, − Kn denotes the Tate pairing H 1 (K n , T ) × H 1 (K n , T * (1)) → Z p , and x = (x n ) and y = (y n ) are sequences in H 1 Iw (K ∞ , T ) and H 1 Iw (K ∞ , T * (1)), then the sequence whose n-th term is
(1)
is compatible under the natural projection maps, and hence defines an element of Λ Zp (G). Definition 2.3. We define the Perrin-Riou pairing to be the pairing
defined by the inverse limit of the pairings (1).
It is easy to see that for α, β ∈ G we have αx, βy K∞,T = α · x, y K∞,T · β −1 .
(The above construction is valid for any p-adic Lie extension K ∞ /K, but in this paper we shall only use the above construction when G is abelian, in which case the distinction between left and right multiplication is not significant.)
Lemma 2.4. If η is any continuous Z p -valued character of G, and we identify
where
Proof. This is immediate if η has finite order, and follows for all η by reduction modulo powers of p; cf. [PR94, §3.6.1].
, we obtain by extending scalars a pairing
which we denote by −, − K∞,V . This pairing is independent of the choice of lattice
It is clear that if T is an O E -module space for some finite extension E/Q p , then we may similarly define an O E -linear analogue of the Perrin-Riou pairing, and in this case Lemma 2.4 applies to any O E -valued character η 2.7. The Fontaine isomorphism. In the case when
which we identify with a subgroup of Γ. The following result is originally due to Fontaine (unpublished); for a reference see [CC99, Section II].
Theorem 2.5. We have a canonical isomorphism of
T is a representation of G Qp , then the action of Γ extends to an action of Gal(K(µ p ∞ )/Q p ) on both sides of equation (2), and the map h 1 Iw,T commutes with the action of this larger group. We shall apply this below in the case when K is an unramified extension of Q p , so
Now let K be a finite unramified extension of Q p , and assume that V is a crystalline representation of G K whose Hodge-Tate weights lie in the interval [a, b] . The following result is due to Berger [Ber03, Theorem A.2].
Theorem 2.6. We have
In particular, if V has non-negative Hodge-Tate weights and no quotient isomorphic to Q p , we have
2.8. Gauss sums, L-and epsilon-factors. In many of our formulae, epsilonfactors attached to characters of the Galois group (or rather the Weil group) of Q p will make an appearance, so we shall fix normalizations for these. We follow the normalizations of [Del73] and [Tat79] . Let E be an algebraically closed field of characteristic 0, and let ζ = (ζ n ) n≥0 be a choice of a compatible system of p-power roots of unity in E. The data of such a choice is equivalent to the data of an additive character λ : Q p → E × with kernel Z p , defined by λ(1/p n ) = ζ n . We first define the Gauss sum of a finitely ramified character ω of the Weil group W Qp , which will in fact depend only on the restriction of ω to the inertia subgroup Gal(Q p /Q nr p ). If ω has conductor n, then we define
Now let us recall the definition of epsilon-factors given in [Del73] for locally constant characters of Q × p . These depend on the character ω, the auxilliary additive character λ, and a choice of Haar measure dx; we choose dx so that Z p has volume 1. The definition is given as
As shown in op.cit., if the conductor of ω is n, then it suffices to take the integral over p −n Z , we will rather work with the additive character λ(−x) rather than λ(x); then we find that
We now recall that local reciprocity map rec Qp of class field theory identifies W 
This quantity ε(ω −1 , λ(−x), dx), which we shall abbreviate to ε(ω −1 ), will appear in our formulae for the two-variable regulator.
We shall also need to consider the case when E is a p-adic field and ω is a continuous character of G ab Qp which is Hodge-Tate, but not necessarily finitely ramified. Any such character is potentially crystalline, and a well-known construction of Fontaine [Fon94b] allows us to regard D pst (ω) as a one-dimensional representation of the Weil group; concretely, if ω = χ j ω ′ where ω is finitely ramified, then σ ∈ W Qp acts on D pst (ω) as p jn(σ) ω ′ (σ), where n(σ) is the power of the arithmetic Frobenius by which σ acts on Q nr p . We define ε(ω) = ε(ω, λ(−x), dx) to be the epsilon-factor attached to D pst (ω), so
We write P (ω, X) for the L-factor of the Weil-Deligne representation D pst (ω). This is a polynomial P (ω, X) in X, which is identically 1 if ω is not crystalline; otherwise, it is given by P (ω, X) = 1 − uX, where u is the scalar by crystalline Frobenius acts on D cris (ω), so
3. Local theory: Yager modules and Wach modules 3.1. Some cohomological preliminaries. Let F be a finite unramified extension of Q p , and let F ∞ /F be an unramified p-adic Lie extension with Galois group U . (Thus U is either a finite cyclic group, or the product of such a group with Z p .) Let O F∞ be the completion of the ring of integers of F ∞ .
Lemma 3.1. Let M be a free Z p -module of rank d < ∞, with a continuous action of U . Then the module
is free of rank d over O F , and We will need the following result on trace maps for unramified extensions.
where K varies over finite extensions of F contained in F ∞ and the inverse limit is with respect to the trace maps, is free of rank 1 over Λ OF (U ).
Proof. We first note that if L/K is any finite unramified extension of local fields, then the trace map O L → O K is surjective, since the residue extension k L /k K is separable and hence its trace map is surjective. Now, it is well known that for each finite unramified
If F ∞ /F is finite, we are finished, since we can take K = F ∞ ; so let us assume that F ∞ = n≥0 F n , where F 0 is a finite extension of F of prime-to-p degree and F n is the unramified extension of F of degree p n . We must show that there exists a trace-compatible sequence x n ∈ O Fn such that x n is an integral normal basis generator of F n /F for each n.
We claim that if x 0 is a normal basis generator of F 0 /F , then any element x n ∈ F n lifting x 0 is a normal basis generator of F n /F . This follows from the arguments of Lemma 3.2 and Theorem 4.12 of [Pic10] applied to the residue field extension k Fn /k F0 . So it suffices to take any sequence of elements x n ∈ O Fn that are trace-compatible and such that x 0 is a normal basis generator of F 0 /F ; the existence of such a sequence is clear from the surjectivity statement above.
3.2. The Yager module. In this section we develop a variant of the construction in [Yag82, §2] in order to construct a certain module which, in a sense we shall make precise below, encodes the periods for the unramified characters of G F .
Definition 3.4. Let K/F be a finite unramified extension. For x ∈ O K , we define
It is clear that y K/F is O F -linear and injective, and we have
is the image of u in the group ring. Moreover, the image of y K/F is precisely the submodule
In particular, the reduction has coefficients in O K .
Proof. Clear from the formula defining the maps y K/F and y L/F . Now let F ∞ /F be any unramified p-adic Lie extension with Galois group U , as in the previous section. Passing to inverse limits with respect to the trace maps, we deduce that there is an isomorphism of Λ OF (U )-modules
Proposition 3.6. We have
Let F n be a family of finite extensions of F whose union is F ∞ , and let
, which must land in X, because of the Galois-equivariance property of the elements of S Fn/F . However, it is clear that for any x ∈ X, the image
We shall always equip S F∞/F with the inverse limit topology (arising from the p-adic topology of the finitely generated Z p -modules S Fn/F ). This topology is compact and Hausdorff, and coincides with the subspace topology from Λ OF ∞ (U ).
Definition 3.7. We refer to S F∞/F as the Yager module, since it is closely related to the objects appearing in [Yag82, §2] .
We now explain the relation between S F∞/F and the periods for characters of U . Let M be a finite-rank free Z p -module with an action of U , given by a continuous map ρ :
End Zp M , which we also denote by ρ.
for all u ∈ U .
Proof. Since ω ∈ S ∞ , we have ω u = [u]ω for any u ∈ U . However, the map
End Zp M commutes with the action of U on the coefficient ring O F∞ ; so we have
Remark 3.9. After the results in this section had been proven, we discovered that similar results had been obtained by Pasol in his unpublished PhD thesis [Pas05, §2.5]. Our module S ∞ is the same as his module D 0 . He uses the module D 0 to relate Katz's 2-variable p-adic L-functions attached to a CM elliptic curve to the modular symbols construction by Greenberg and Stevens [GS93] .
, where the inverse limit is taken with respect to the trace maps.
By construction, N F∞ (T ) has actions of Γ and U , since these act on the modules N K (T ) compatibly with the trace maps.
Proposition 3.11. We have an isomorphism of topological modules
Proof. Clear by construction.
By construction, N F∞ (T ) has O F -linear actions of Γ and of U , which extend to a continuous action of Λ OF (Γ × U ).
Assumption 3.12. From now on, assume that T has non-negative Hodge-Tate weights.
and Assumption 3.12 implies that we have an inclusion
with quotient annihilated by q h , for any h such that the Hodge-Tate weights of T lie in [0, h]. Note that the map ϕ :
which is a left inverse of ϕ.
The following proposition will be important for constructing the regulator map:
Proposition 3.13. We have
Zp S ∞ . Proof. This is clear from the fact that the Frobenius acts bijectively on S F∞/F .
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3.4. Recovering unramified twists. Let us pick a finite-rank free Z p -module M equipped with a continuous action of U , via a homomorphism
Taking the completed tensor product with O F∞ we have a map
which commutes with the action of Gal(F ∞ /Q p ) on the coefficients O F∞ . It is easy to see that this restricts to a bijection
Proposition 3.14. There is a canonical isomorphism
commuting with the actions of A + F , Γ, ϕ and ψ (where the latter two elements act on O F∞ as the arithmetic Frobenius and its inverse).
Proof. Wach modules are known to commute with tensor products [Ber04] , so it suffices to check that
This follows from the fact that there is a canonical embedding of O F∞ into Fontaine's ring A, hence there is a canonical inclusion
Since the left-hand side is free of rank d over O F , extending scalars to A 
Remark 3.15. Suppose (for simplicity) that F = Q p and M ∼ = Z p with U acting via
is free of rank 1 over Z p , any choice of basis of this space gives a non-canonical isomorphism between N(T (τ )) and N(T ) with its ϕ-action twisted by τ (σ p ) −1 . However, the isomorphism (5) is canonical and does not depend on any such choice.
Theorem 3.16. There is a canonical isomorphism
which commutes with the actions of ϕ, Γ, A + F and End GF (M ), and satisfies
for u ∈ U and x ∈ N ∞ (T ).
Proof. This follows immediately by tensoring the map
with N(T ), and using the isomorphism (5).
The 2-variable p-adic regulator
4.1. A lemma on universal norms. Let F be a finite unramified extension of Q p , and let T be a Z p -representation of G F .
Definition 4.1. The representation T is good crystalline if V = T [1/p] is crystalline and has non-negative Hodge-Tate weights.
By [Ber03, Theorem A.3], for any good crystalline T there is a canonical isomorphism
We define a "residue" map
by composing the above isomorphism with the natural map
As is shown in the proof of [Ber03, Theorem A.3], the image of the map r F,V is contained in D cris,F (V ) ϕ=1 ; in particular, if the latter space is zero, then
ψ=1 . We now consider the behaviour of these maps in unramified towers. Let F ∞ be an infinite unramified p-adic Lie extension of F , so we may write F ∞ = n F n where F 0 /F is a finite extension and F n is the unramified extension of F 0 of degree p n . As we have seen above,
There is an n 0 (depending on V ) such that
Proof. Since the spaces (F n ⊗ F D cris (V )) ϕ⊗ϕ=1 are an increasing sequence of finitedimensional Q p -vector spaces, it suffices to show that their union (
is finite-dimensional. This follows from the fact that F ∞ is a field, and (
by Propositions 1.4.2(i) and 1.6.1 of [Fon94a] .
Proof. This follows from the fact that for any n ≥ 0, we have a commutative diagram
If n ≥ n 0 , then the trace map on the right-hand side is simply multiplication by [F n+1 :
Theorem 4.4. Let F ∞ be an infinite unramified p-adic Lie extension of F , and let
Proof. This follows immediately from the preceding proposition, since r Fn,V (y) must be divisible by arbitrarily large powers of p and hence is zero.
4.2. The regulator map. For the rest of Section 4, we assume that T is a good crystalline representation of G F , for F a finite unramified extension of Q p , and we let F ∞ be any unramified p-adic Lie extension of F with Galois group U as before.
Proposition 4.5. We have a canonical isomorphism
If either F ∞ /F is infinite, or T has no quotient isomorphic to the trivial representation, then we have
Proof. If F ∞ /F is a finite extension, we may assume F ∞ = F , and this is [Ber03,
If F ∞ /F is an infinite extension, then we note that for each finite subextension K/F contained in F ∞ we have an isomorphism
and if L/K are two such fields, then the corestriction map
which finishes the proof.
As shown in [LLZ11, Proposition 2.11], we have a Λ OF (Γ)-equivariant embedding
which is continous with respect to the weak topology on ϕ * N(T ) ψ=0 and the usual Fréchet topology on H F (Γ). Moreover, we have a continuous injection
Tensoring these together we obtain a continuous, Λ OF (G)-linear map
Definition 4.6. We define the p-adic regulator
to be the composite map
Here, we use that ϕ
Zp S ∞ by Proposition 3.13.
By construction, L G V is a morphism of Λ OF (G)-modules. As suggested by the notation, we will usually invert p and regard
We can summarise the properties of the map we have constructed by the following theorem:
Theorem 4.7. Let F be a finite unramified extension of Q p , and K ∞ a p-adic Lie extension of F with Galois group G such that
Let T be a crystalline representation of G F with non-negative Hodge-Tate weights, and assume that either K ∞ /F (µ p ∞ ) is infinite, or T has no quotient isomorphic to the trivial representation.
Then there exists a morphism of
where F ∞ is the maximal unramified subfield of K ∞ , such that:
(1) for any finite unramified extension K/F contained in K ∞ , we have a commutative diagram
? ?
, the right-hand vertical arrow is the map on distributions corresponding to the projection G ։ G ′ , and the map L
) on U , which is defined by twisting by η and pushing forward along the projection to U , is bounded.
Moreover, the conditions (1) and (2) above uniquely determine the morphism L G V .
Proof. Let us show first that the map L G V defined above satisfies (1) and (2). Let T be a choice of lattice in V .
Let K be any finite unramified extension of F contained in F ∞ . Then the diagram
evidently commutes; and we also have a commutative diagram
where the arrows i F∞/F and i K/F are induced by the inclusions
and
, where U ′ = Gal(K/F ), and the right vertical arrow is the one arising from the projection G → G ′ . If we combine the two diagrams using the identification N K (T ) ∼ = N(T )⊗ F S K/F and similarly for F ∞ , the composite of the maps on the top row is the definition of L Property (2) is clear, since the image of Λ F∞ (U ) in H F∞ (U ) is exactly the bounded distributions.
We now show that these properties characterise L G V uniquely. It suffices to show that (1) and (2) determine the value of L G V (x) at any character of G. Such a character has the form η̟ where η is a character of Γ and ̟ is a character of U . Property (1) uniquely determines the value at η × ̟ if ̟ has finite order, and property (2) implies that for each fixed η, the function ̟ → L G V (x)(η × ̟) is a bounded analytic function on the rigid space parametrising characters of U , and hence is determined uniquely by its values on finite-order ̟'s.
We now record some properties of the map L G V .
is the space of F ∞ -valued distributions of order (0, h) with respect to the subgroups (U, Γ).
Proof. This is immediate from the definition of the 2-variable regulator map and the corresponding statement for the 1-variable regulator, which is well known.
Proposition 4.9. If u ∈ U andũ is the unique lifting of u to G acting trivially on 
As T is a finitely generated Z p -module, there must be some m such that T HF n = T HF m for all n ≥ m. However, for n ≥ m the projection map T HF n+1 → T HF n is multiplication by p; so pr m (x) is divisible by arbitrarily high powers of p and is thus zero. Hence x = 0.
The next statement requires some extra notation. Let ̟ be a continuous char-
, where E is some finite extension of Q p . Then there is an obvious isomorphism
which must be an isomorphism (as the right-hand side must have E-dimension ≤ 1), we have a canonical isomorphism
In particular, there is a canonical isomorphism
We also have a canonical map
which on group elements corresponds to the map g → ̟(g) −1 g. Tensoring with the canonical isomorphism above, we obtain a map (which we also denote by Tw ̟ −1 )
Proposition 4.12. With the identifications described above, the regulator L G V is invariant under unramified twists: there is a commutative diagram
Proof. By (6), we have canonical isomorphisms
ψ=1 . We can therefore rewrite the above diagram to obtain the following:
Here the left and middle vertical maps are obtained by restriction from that of Theorem 3.16, taking τ = ̟ −1 ; as noted above, this isomorphism commutes with ϕ and ψ.
The commutativity of the left square is clear. Moreover, the isomorphisms
are compatible (since the first is given by multiplication in A, the second in B cris , and the inclusion of O F∞ in B cris factors through the natural maps A + ֒→Ã + ֒→ A cris ). Hence the commutativity of the right square follows, as the twisting maps We can now apply Theorem B.5 to obtain the following formulae for the values of L
where the notation is as follows:
• Γ * (1+j) is the leading term of the Taylor expansion of the Gamma function at 1 + j,
• P ω and ε(ω) are the L and ε-factors of the Weil-Deligne representation D pst (ω) (see §2.8 above). 
, whereγ is the unique lifting of γ to the inertia subgroup of G.
4.4.
A local reciprocity formula. Our final local result will be an analogue of Perrin-Riou's local reciprocity formula, relating the maps L G V and L G V * (1) . The cyclotomic version of this formula, conjecture Rec(V ) in [PR94] , was originally formulated in terms of Perrin-Riou's exponential map Ω V,h , and proved independently by Colmez [Col98] and Benois [Ben00] . In Appendix B below we formulate and prove a version using the map L Γ V instead. Here, as in Appendix B, it will be convenient to us to extend the definition of the regulator map to representations which are crystalline, but which may have some negative Hodge-Tate weights. To do this, we note that if V is good crystalline, then for any k ≥ 0 we have
So for arbitrary V , and any j ≫ 0 such that V (j) is good crystalline, we may define L G V by the formula
and this does not depend on the choice of j; this then takes values in the fraction field of H F∞ (G). 
, where σ −1 denotes the unique element of the inertia subgroup of G such that χ(σ −1 ) = −1.
Proof. Using Lemma 2.4 and Proposition 4.12 for each unramified character τ of G reduces this immediately to the corresponding statement for the cyclotomic regulator maps L Γ V (τ ) , which is Theorem B.6.
Regulators for extensions of number fields
In this section, we show how to define an extension of the regulator map in the context of certain p-adic Lie extensions of number fields. This section draws heavily on the cyclotomic case studied by Perrin-Riou in [PR94] ; see also [IP06] for the case of more general Z p -extensions of number fields.
Let K be a number field, p a (rational) prime, and p a prime of K above p. We choose a prime P of K above p.
5.1. Semilocal cohomology. Let T be a finitely generated Z p -module with a continuous action of G K . For each finite extension L of K, the set of primes q of L above p is finite, and for each i we may define the semilocal cohomology group
If L/K is Galois, with Galois group G, then we have a canonical isomorphism
where G P is the decomposition group of P in G. In particular, it has an action of Z p [G], and it is easy to see that the localization map
is G-equivariant. If now K ∞ /K is a p-adic Lie extension of number fields with Galois group G, we may define semilocal Iwasawa cohomology groups
where the inverse limit is over finite Galois extensions K ′ /K contained in K ∞ . The isomorphisms (7) for each finite subextension imply that
Theorem 5.1. Let K ∞ /K be any p-adic Lie extension of number fields with Galois group G, p a prime of K above p, and P a prime of K above p, such that • K p is unramified over Q p ,
• the completion K ∞,P is of the form F ∞ (µ p ∞ ), for F ∞ an infinite unramified extension of K p . Then there is a unique homomorphism of Λ Zp (G)-modules
where F ∞ is the p-adic completion of the maximal unramified subfield of K ∞,P , whose restriction to
Proof. Immediate by tensoring the local regulator L G P V with Λ Zp (G), using equation (8).
Remark 5.2. Note that if p is finitely decomposed in K ∞ , so [G :
However, the construction also applies when p is infinitely decomposed. Thus, for instance, if d > 1 and K is a CM field of degree 2d in which p splits completely, then one can take K ∞ to be the (d + 1)-dimensional abelian p-adic Lie extension given by the ray class field K(p ∞ ).
Remark 5.3. One can use the regulator maps to construct Coleman maps and restricted Selmer groups of V over K ∞ , in the spirit of the constructions in [LLZ10] for the cyclotomic extension.
The module of p-adic L-functions.
We now assume that the number field K is totally complex and Galois over Q, and that p splits completely in K, (p) = p 1 . . . p e . For each of these primes, fix an embedding of Q into K pi . Let T be a Z p -representation of G K , and let
Assumption 5.4. For all 1 ≤ i ≤ e, the restriction of V to G Kp i is good crystalline.
Let S be the finite set of primes of K containing all the primes above p, all the archimedean places and all the places whose inertia group acts non-trivially on T . Denote by K S the maximal extension of K unramified outside S. Let K ∞ be a p-adic Lie extension of K contained in K S which is Galois over Q and satisfies the conditions of Theorem 5.1 for each of the primes p 1 , . . . , p e .
, where {K n } is a sequence of finite extensions of K such that K ∞ = K n . We also let
Assumption 5.6. The Galois group G = Gal(K ∞ /K) has no element of order p.
Remark 5.7. Examples of p-adic Lie extensions satisfying the above hypotheses occur naturally in the context of class field theory; for instance, if K is a CM field in which p splits, and K ∞ the ray class field K(p ∞ ), all the conditions are automatic except possibly 5.6, and this may be dealt with by replacing K ∞ by a finite subextension. We shall study extensions of this type in more detail in §6 below, where we take K to be an imaginary quadratic field.
As K ∞ is a Galois extension of Q, the Galois groups Gal(K ∞,pi /K pi ), 1 ≤ i ≤ e, are conjugate to each other in Gal(K ∞ /Q), as are their inertia subgroups. If L ∞,i denotes the maximal unramified extension of K p,i in K ∞,pi , we get canonical identifications of L ∞,i with L ∞,j for all 1 ≤ i, j ≤ e. We can therefore drop the index and denote this unramified extension of Q p by F ∞ .
As explained in Section 5, for 1 ≤ i ≤ e, we have a regulator map
Denote by K F∞ (G) the fraction field of H F∞ (G). Assume that Conjecture Leop(K ∞ , V ) (Conjecture A.14) holds, so
In the spirit of Perrin-Riou (c.f. [PR03, §3.1]), we can give an explicit description of I arith,p (V ) as follows. Let f 2 ∈ Λ Qp (G) be a generator of the characteristic ideal of
Proof. Clear from the construction. Remark 5.11. Via the isomorphism
we can consider the Λ Qp (G)-module I arith,p (V ) as a submodule of
The following proposition implies that I arith,p (V ) = 0:
Proposition 5.12. Assume that conjecture Leop(K ∞ , V * (1)) holds. Then the kernel of the homomorphism
Proof. We adapt the arguments in [PR95, §A.2]. For 0 ≤ j ≤ 2, define the Λ Zp (G)-modules
1 For the definition of the determinant of a finitely generated Λ Zp (G)-module, see [KM76] ; c.f. also
Taking the limit over the K m,n of the Poitou-Tate exact sequence gives an exact sequence of Λ Zp (G)-modules
Since we assume conjecture Leop(K ∞ , V * (1)), it follows from Proposition A.10 that Proof. Consequence of Propositions 5.12 and 4.11.
As in the cyclotomic case, we conjecture that I arith,p (V ) should have a canonical basis vector -a p-adic L-function for V -whose image under evaluation at de Rham characters of G is related to the critical L-values of V and its twists. In the above generality this is a somewhat vain exercise as even the analytic continuation and algebraicity of the values of the complex L-function is conjectural. In the next section, we shall make this philosophy precise in some special cases; we shall show that it is consistent with known results regarding p-adic L-functions, but that it also implies some new conjectures regarding p-adic L-functions of modular forms.
6. Imaginary quadratic fields 6.1. Setup. Throughout this section, let K be an imaginary quadratic field in which p splits; write (p) = pp. We now introduce a specific class of extensions K ∞ /K for which the hypotheses in Section 5.2 are satisfied. Let f be an integral ideal of K prime to p andp, and let K ∞ be the ray class field K(fp ∞ ). We assume that f is stable under Gal(K/Q), which is equivalent to the assumption that K ∞ is Galois over Q. It is well known that K ∞ ⊇ K(µ p ∞ ), and that the primes p andp are finitely decomposed in K; so G = Gal(K ∞ /K) is an abelian p-adic Lie group of dimension 2, and the decomposition groups G p and Gp are open subgroups.
Lemma 6.1. If p is coprime to the order of the ray class group Cl f (K), then G has no elements of order p.
Proof. By class field theory, we have an exact sequence
where U f is the group of units of O K that are 1 modulo f and U f is the closure of
× . So it suffices to show that the quotient
is p-torsion-free. However, since K is imaginary quadratic, U f = U f is a finite group, and as p is odd and split in K, we have
× is p-torsion-free, the result follows.
Let us write Γ p = Gal(K ∞ /K(fp ∞ )) and Γp = Gal(K ∞ /K(fp ∞ )). Note that Γ p and Γp are p-adic Lie groups of rank 1 whose intersection is trivial, and the open subgroup Gal(K ∞ /K(f)) is isomorphic to Γ p × Γp.
Let T be a Z p -representation of G K of rank d, and let V = T [p −1 ]. As in the previous section, assume that for ⋆ ∈ {p,p}, the restriction of V to G K⋆ is good crystalline.
Lemma 6.2. We have a canonical decomposition
Proof. Clear from the definition.
To simplify the notation, let us write
6.2. Galois descent of the module of L-functions.
The following theorem is the main result of this section:
, where L is a finite unramified extension of Q p .
The rest of this section is devoted to proving this theorem. As in Proposition 4.9, letσ p ∈ G p be the unique element of G p which lifts the Frobenius automorphism at p of K(fp ∞ ) and which is trivial on K(µ p ∞ ), and similarly forp.
Lemma 6.5. The elementσ pσp ∈ G has finite order.
Proof. Let us consider the "semilocal Artin map" 
The bottom horizontal map is the local Artin map for Q(µ p ∞ )/Q; if we identify Γ with Z × p , this map is the identity on Z 
is in the kernel of θ, and hence (σ pσp ) m = 1 in G.
Corollary 6.6. Let x 1 , . . . , x n be any elements of Z 1 p (K ∞ , V ), and similarly let
Proof. Clear, since the Frobenius automorphism of F ∞ acts on this element as multiplication by [σ pσp ] n , which we have seen has finite order.
Remark 6.7. As is clear from the proof of the lemma and its corollary, the degree of L/Q p is bounded by the exponent of the ray class group of K modulo f, and in particular is independent of V .
We deduce Theorem 6.4 by combining Corollary 6.6 with Proposition 5.9.
Orders of distributions. Let us choose subspaces
is a distribution on G of order (mh p , nhp) with respect to the subgroups (Γ p , Γp), where h p (resp. hp) is the largest valuation of any eigenvalue of ϕ on
Proof. Let us write c j,p for the localisation of c j at p, and similarly forp. By Proposition 4.8, for each subset {j 1 , . . . , j m } ⊆ {1, . . . , d} of order m, the projection of the element
. By the change-of-variable result of Proposition C.1 in the appendix, it is also a distribution of order (h p , 0) with respect to the subgroups (Γ p , Γp).
We have also a corresponding result for the projection to n D cris,p /Wp of the distribution obtained from any n-element subset of {1, . . . , d}: this gives a distribution with order (0, hp) with respect to (Γ p , Γp). Since the product of distributions of order (a, 0) and (0, b) is a distribution of order (a, b) by Proposition C.3, the product of any two such subsets gives a distribution with values in Q of order (h p , hp). 6.4.1. Kummer maps. We recall the well-known local theory of exponential maps for the representation
, whose kernel is the Teichmüller lifting of k × L . In particular, the restriction to the kernel U 1 (L) of reduction modulo the maximal ideal is an injection.
Moreover, after inverting p, we have a commutative diagram relating the Kummer map to the exponential map of Bloch-Kato (see [BK90] ):
where the vertical map sends u to t −1 log(u) ⊗ e 1 , where e 1 is the basis vector of Q p (1) corresponding to our compatible system of roots of unity.
The maps κ L are compatible with the norm and corestriction maps for finite extensions L ′ /L, so for an infinite algebraic extension K ∞ /Q p we can take the inverse limit over the finite extensions of Q p contained in K ∞ to define
6.4.2. Coleman series. We recall the following basic result, due to Coleman. Let F be any height 1 Lubin-Tate group over Q p , and F an unramified extension of Q p . Fix a generator v = (v n ) of the Tate module of F (that is, a norm-compatible sequence of p n -torsion points of F ).
Theorem 6.9 ([Col79]). Let F be a finite unramified extension of Q p . Then for each β = (β n ) ∈ U 1 (F (F p ∞ )), there is a unique power series
where N F is Coleman's norm operator, such that for all n ≥ 1 we have
Here σ is the arithmetic Frobenius automorphism of F/Q p , which we extend to an automorphism of O F [[X]] acting trivially on the variable X.
If F is the formal multiplicative groupĜ m , then we shall drop the suffix F ; and we take v n = ζ n − 1, where (ζ n ) is our chosen compatible sequence of p-power roots of unity. In this case, if we identify X with the variable π in Fontaine's rings, the relation between the map g F and the Perrin-Riou regulator map is given by the following diagram:
If we identify D cris,F (Q p (1)) with F via the basis vector t −1 ⊗e 1 , then the bottom
, where ℓ 0 = log γ log χ(γ) for any non-identity element γ ∈ Γ 1 and M is the Mellin transform as defined in Section 2.3. (See e.g. the proof of Proposition 1.5 of [LLZ11] .) Thus the image of the bottom map is precisely ℓ 0 · Λ OF (Γ) ⊆ H F (Γ); and if we define
is a p-adic Lie group of dimension 2. Let F ∞ be the completion of the maximal unramifed subextension of K ∞ . We define
to be the unique map such that the composite
Proposition 6.10. The element h ∞ (β) is uniquely determined by the relation
Proof. This follows from the compatibility of the maps L Γ and L G (Theorem 4.7(i)).
We would like to compare this result to Theorem 5 of [Yag82] . Our method differs from that of Yager, as we build measures on G out of measures on the Galois groups of extensions F (µ p ∞ )/F for unramified extensions F ⊂ K ∞ , while Yager considers instead the extensions F (F p ∞ )/F where F is the Lubin-Tate group corresponding to an elliptic curve with CM by O K .
Let F be any Lubin-Tate formal group over Q p which becomes isomorphic tô
. Then Coleman's theorem (Theorem 6.9) gives us an element
where θ is the unique power series in
such that v n maps to ζ n − 1.
Theorem 6.11 (de Shalit). We have
where I F,F is the kernel of the natural map
(Note that the theorem is stated there for K ∞ = Q ab p , the maximal abelian extension of Q p ; but the theorem, and the proof given, are true with K ∞ replaced by any smaller extension over which the formal groups concerned become isomorphic.)
It follows that the map h ∞ defined above coincides with the map constructed (under more restrictive hypotheses) by Yager in [Yag82] . In particular, if c denotes the element of the global H 1 Iw obtained by applying the Kummer map to the elliptic units, then L G p,V (c) is equal to ℓ 0 µ where µ is Katz's p-adic L-function. 6.5. Example 2: Two-variable L-functions of modular forms. We now consider the restriction to G K of the representation V of G Q attached to a modular form f of weight 2, level N prime to p∆ K/Q , and character δ. Let E ⊆ Q p be the completion of Q(f ) ⊆ Q at our chosen prime of Q. We take V = V * f , so V has Hodge-Tate weights {0, 1} at each of p andp. Let {α, β} be the roots of
and β −1 .
Let K ∞ be an extension of K with Galois group G, satisfying the hypotheses specified in Section 6.1. For a finite-order character ω of G, let L {p,p} (f /K, ω −1 , s) denote the twisted L-function of f with the Euler factors at p andp removed. Let Ω + f and Ω − f be the real and complex periods of f (which are defined up to multiplication by an element of Q(f ) × ).
Conjecture 6.13 (Existence of L-functions). Let (u p , up) be a p-refinement which is non-critical. Then there exists a distribution µ f (u p , up) on G, of order (v p (u p ), v p (up)) with respect to the subgroups (Γ p , Γp), such that for all finite-order characters ω we have
Remark 6.14. The definition of the order of a distribution on Z 2 p is given in Section C.2. The hypothesis that the p-refinement be non-critical implies that the distribution µ f (u p , up) is unique if it exists, since a distribution of order (r, s) with r, s < 1 is uniquely determined by its values at finite-order characters.
Two approaches are known to the construction of such L-functions: either via p-adic interpolation of Rankin-Selberg convolutions, as in [Hid88, PR88, Kim11], or via the combinatorics of modular symbols on symmetric spaces attached to GL(2, A K ), as in [Har87] . The details have not been written down in the full generality described above (although M. Emerton and B. Zhang have announced results of this kind in a paper which is currently in preparation). The literature to date contains constructions of µ f (u p , up) in the following cases:
• if f is ordinary, δ = 1, and u is the "ordinary refinement" (α, α) where α is the unit root [Har87] • if f is ordinary, u is the ordinary refinement, and G decomposes as a direct product of eigenspaces for complex conjugation [PR88] • if f is non-ordinary, u p = up, [K(fp) : K] is prime to p, δ 2 = 1, and we consider only the restriction of the distribution to the set of characters whose restriction to Gal(K(fp)/K) does not factor through a Dirichlet character via the norm map [Kim11] .
Remark 6.15. (i) We have chosen to write the interpolating formula (9) in a way that emphasises the similarity with that of [CFK + 05]. The cited references use a range of different formulations, and the distributions they construct differ from ours by various correction factors; but in each case the existence of a measure satisfying their conditions is equivalent to the conjecture above.
(ii) If f is ordinary and u is the ordinary refinement, the condition that µ f (u) has order (0, 0) is simply that it be a measure. In the non-ordinary case considered by Kim, the condition that µ f (u) has order (v p (u p ), v p (up)) is more delicate, and depends crucially on the decomposition of Gal(K ∞ /K(f)) as the direct product of the distinguished subgroups Γ p and Γp corresponding to the two primes above p.
We now give a conjectural interpretation of these p-adic L-functions in terms of our regulator map
Both of these induce maps on the wedge square, which we denote by the same symbols.
The following conjecture can be seen as a special case of the very general "ζ-isomorphism conjecture" of Fukaya and Kato (Conjecture 2.3.2 of [FK06] ), applied to the module Λ Zp (G) ⊗ T for T a Z p -lattice in V .
Then there is a distinguished element c ∈ 2 H 1 Iw,S (K ∞ , V f ) such that for all finiteorder characters ω, we have
Moreover, c is a Λ Zp (G)-basis of I arith,p (V ).
We choose a basis v p,α , v p,β of ϕ-eigenvectors in D cris,p (V ), and similarly for D cris,p ; and for a p-refinement u = (u p , up),
(1,1) . We may normalise such that v p = v p,α + v p,β is a basis of Fil 0 D cris,p (V ) (and The statement regarding the orders of the projections is an instance of Theorem 6.8. Concretely, suppose we choose elements c 1 , c 2 such that c 1 ∧ c 2 = c. Then we have In particular, when the refinement u is non-critical, we conclude that Conjecture 6.16 implies Conjecture 6.13 and the projection of L G V (c) to v u must be equal to the uniquely determined distribution µ f (u).
Remark 6.18. If Conjecture 6.16 holds, then one can also project the element 0,2) ). The resulting distributions are of a rather simpler type: if c = c 1 ∧ c 2 as before, then
This is a distribution on G with values in the 1-dimensional space D p (V ) (2,0) = det Qp D cris,p (V ) of order (1, 0), divisible by the image in H F∞ (G) of the distribution ℓ 0 ∈ H Qp (Γ p ), so dividing by this factor gives a bounded measure on G with values in F ∞ . Note that acting by the arithmetic Frobenius of F ∞ on this measure corresponds to multiplication by [σ p ] 2 , so it never descends to a finite extension of Q p .
It is natural to conjecture (and would follow from Conjecture 2.3.2 of [FK06] ) that if τ is a character of G whose Hodge-Tate weights at p andp are (r, s) with r ≥ 1 and
, then the value of pr 2,0 L G V (c) at τ should (after dividing by an appropriate period) correspond to the value at 1 of the L-function of the automorphic representation BC(π f )⊗τ of GL(2, A K ). Up to a shift by the cyclotomic character, this corresponds to the set of characters denoted by Σ (2) (f) in [BDP] , while the finite-order characters covered by the interpolating property in Conjecture 6.16 correspond to the set denoted there by Σ
(1) (f). If this conjecture holds, the image of pr 2,0 L G V (c)/ℓ 0 in the Galois group of the anticyclotomic Z p -extension of K should be related to the L-functions of [BDP, Proposition 6 .10] and [Bra11] , which interpolate the L-values of twists of f by anticyclotomic characters in Σ (2) (f). We intend to study this question further in a future paper.
Appendix A. Local and global Iwasawa cohomology
In this section, we prove some results on the structure of inverse limits of cohomology groups for p-adic representations in towers of representations of local and global fields, generalising well-known results for cyclotomic towers.
A.1. Conventions. We shall work with extensions of (local or global) fields whose Galois group is of the form G = ∆ × Z e p , where e ≥ 1 and ∆ is a finite abelian group of order prime to p. Since G has no elements of order p, the Iwasawa algebra Λ Zp (G) is reduced. It is not, however, an integral domain; it is isomorphic to the direct product of the subrings e η Λ Zp (G), where η ranges over the Q p /Q p -conjugacy classes of characters of ∆. For each such η, e η Λ Zp (G) is isomorphic to O η ⊗ Zp Λ Zp (H), where O η is the ring of integers of the finite unramified extension of Q p generated by the values of η.
In order to greatly simplify the presentation of our results, we shall adopt a minor abuse of notation.
Definition A.1. We shall say that a Λ Zp (G)-module is torsion if and only if M η := e η M is torsion for each η. More generally, we shall say that rank Λ Zp (G) M = r if M η has rank r over e η Λ Zp (G) for all η.
When using this notation it is important to bear in mind that when ∆ is not trivial, most finitely generated Λ Zp (G) modules will not have a rank. Note A.2. If M is a finitely generated Λ Zp (G)-module, then M is torsion if and only if it has rank zero.
We say that a Λ Zp (G)-module M is cofinitely generated if its Pontryagin dual M ∨ = Hom(M, Q p /Z p ) is finitely generated, and we define corank Λ Zp (G) (M ) to be rank Λ Zp (G) M ∨ when this is defined. In both the local and global cases, we will use the following result: Theorem 1.1]) . If G is any pro-p, torsion-free p-adic Lie group, and M is a cofinitely generated Λ Zp (G)-module, then the cohomology groups H i (G, M ) are cofinitely generated Z p -modules, zero if i > dim G, and we have
A.2. Local results. Let F be a finite extension of Q l . Let V a Q p -representation of G Qp of dimension d, and choose a Galois invariant Z p -lattice T . We have the following result due to Tate:
Theorem A.4 (Tate's local Euler characteristic formula). The cohomology groups H i (F, V /T ) are zero for i > 2 and cofinitely generated Z p -modules for 0 ≤ i ≤ 2, and we have A.2.1. The case l = p. We now let F ∞ /F be a Galois extension, whose Galois group G is of the type described above.
Proposition A.5. The cohomology groups H i (F ∞ , V /T ) are zero for i > 1. For i = 0, 1 they are cofinitely generated Λ Zp (G)-modules, with well-defined Λ Zp (G)-coranks given by
Proof. Since G contains an infinite pro-p subgroup, Gal(F /F ∞ ) has p-cohomological dimension 1, by [NSW00, §VII 7.1.8(i)]. Moreover, H 0 (F ∞ , V /T ) is a submodule of V /T , and hence has finite Z p -corank; it is therefore clearly Λ Zp (G)-torsion.
Let η be a character of ∆, and let
and hence it suffices to prove that H i (F ∞ , V /T ) is cofinitely generated, with the stated corank, under the assumption that ∆ is trivial.
The cofinite generation follows readily from the inflation-restriction exact sequence: we have an exact sequence
and since the first and last terms are cofinitely generated Z p -modules, the second term must also be so. By Nakayama's lemma, we conclude that H 1 (F ∞ , V /T ) is a cofinitely generated Λ Zp (G)-module. To calculate the corank of H 1 (F ∞ , V /T ), we note that by the Hochschild-Serre exact sequence, we have
The left-hand side is equal to −[F : Q p ]d, by Tate's formula; while Howson's theorem (Theorem A.3 above) shows that the right-hand side is equal to
since we have seen that the corank of the s = 0 term is zero.
We now pass from the cofinitely generated case to the finitely generated case. We define
where the inverse limit is over finite extensions L/F contained in F ∞ .
Proposition A.6. The modules H i Iw (F ∞ , T ) are zero for i = 0 and for i > 2. For i = 1, 2 they are finitely generated Λ Zp (G)-modules, with well-defined ranks given by
Proof. These results follow from the previous proposition by Tate local duality: we have isomorphisms
for each finite extension L of F , and the transpose of the corestriction map is the restriction map. Moreover, we have
from which it follows that
A.2.2. The case l = p. Let F ∞ /F be a Galois extension, whose Galois group G is of the type described above. The following two results can be proven analogously to Propositions A.5 and A.6 above.
Proposition A.7. The cohomology groups H i (F ∞ , V /T ) are zero for i > 1. For i = 0, 1 they are cofinitely generated torsion Λ Zp (G)-modules. A.3. Global results. We now let K be a number field, which (for simplicity) we shall suppose to be totally complex. Let V be a Q p -representation of G K of dimension d, and choose a G K -invariant Z p -lattice T . Let S be a finite set of places of K containing all the primes above p, all infinite places and all the places whose inertia group acts non-trivially on V , and let K S be the maximal extension of K unramified outside S.
Theorem A.9 (Tate's global Euler characteristic formula). If M is a cofinitely generated Z p -module with a continuous action of Gal(K S /K), then the cohomology groups H i (G S (K), M ) are cofinitely generated Z p -modules and we have We now consider a Galois extension K ∞ /K, contained in K S , whose Galois group G is of the form ∆ × Z e p , where e ≥ 1 and ∆ is abelian of order prime to p as above. For i ≥ 0, we define
where the limit is taken over number fields L satisfying K ⊆ L ⊂ K ∞ , with respect to the corestriction maps. Since we are assuming throughout that p = 2, the groups H 
Proof. This is [OV03, Theorem 3.3] if ∆ is trivial, so we shall show that the general case may be reduced to this. As in the local case, we see that if G = ∆ × H where H ∼ = Z e p , then for any character η : ∆ → O × , we have
Thus the result follows by applying the cited theorem of Ochi and Venjakob to each of the representations T (η −1 ) over the extension L ∞ /K.
Theorem A.11. For each η, we have
By the same argument as in proposition A.10, we may assume that ∆ is trivial; and using the result of that proposition, it suffices to show that
This follows from Howson's theorem and the global Euler characteristic formula, in exactly the same way that Proposition A.5 follows from the local Euler characteristic formula.
Remark A.12. Note that this result is slightly stronger than [OV03, Theorem 3.2]: we do not need to assume that the image of G S (K) in GL(V ) is pro-p.
For the formula when j ≤ −1, we choose an auxilliary integer h ≥ 1 such that
, by ( †). Applying Theorem II.3 of op.cit. with V , h and x replaced by V (−j), h − j, and ∂ j x ⊗ t −j e j , we see that Γ * (j + 1)R j,n (x) = Γ * (j − h + 1) log Qp,n,V (−j) (ℓ 0 . . . ℓ h−1 x) j,n . 
while for any finite-order character ω of Γ of conductor n ≥ 1, we have   σ∈Γ/Γn
Proof. We note that
so it suffices to prove the result for j = 0. Suppose we have
On the other hand
Applying the operator e ω = σ∈Γ/Γn ω(σ) −1 σ, we have for n ≥ 1 e ω · ∂ V (ϕ −n (x)) = e ω · ∂ V (ϕ −n ((1 − ϕ)x)), since e ω is zero on Q p,n−1 ((t)); and for n = 0,
However, since the map ∂ V • ϕ −n is a homomorphism of Γ-modules, we have
This completes the proof of the proposition for j = 0. where we make the identification
Proof. This follows from the compatibility of the maps exp * and log with the corestriction maps (cf [Ber03, § §II.2 & II.3]).
Combining the three results above, we obtain: Theorem B.5. Let j ∈ Z and let x satisfy ( †). Let η be a continuous character of Γ of the form χ j ω, where ω is a finite-order character of conductor n. −1 p n(1+j) ϕ n log Qp,V (η −1 ) (x η,0 ) ⊗ t −j e j if n ≥ 1.
(In both cases, we assume that (1 − p −1−j ϕ −1 ) is invertible on D cris (V ) when η = χ j .)
From this theorem it is straightforward to deduce a version of Perrin-Riou's explicit reciprocity formula, relating the regulator for V and for V * (1). We recall from 2.6 the definition of the Perrin-Riou pairing (1 − p −j ϕ)(1 − p j−1 ϕ −1 ) −1 log Qp,V * (1+j) (y −j,0 ) ⊗ t j e −j .
Hence we have 
Appendix C. Functions of two p-adic variables
Let p be a prime. We let L be a complete discretely valued subfield of C p , and let v p denote the p-adic valuation on L, normalised in the usual fashion, so v p (p) = 1. C.1. Functions and distributions of one variable. We recall the theory in the one-variable case, as presented in [Col10] . Let h ∈ R, h ≥ 0.
Let f be a function Z p → L. We say f has order h if, informally, it may be approximated by a Taylor series of degree [h] at every point with an error term of order h. More precisely, f has order h if there exist functions f (j) , 0 ≤ j ≤ [h], such that the quantity ε f (x, y) = f (x + y) − for all a ∈ Z p , n ∈ N and 0 ≤ k ≤ N .
C.2. The two-variable case. We now consider functions of two variables. For 0 ≤ a, b < 1, we define the space a choice of generators of the groups H i , but it does depend on the choice of the subgroups H 1 , H 2 ; so when there is a possibility of ambiguity we shall write "order (a, b) with respect to the subgroups H 1 , H 2 ". Note that an application of Proposition C.1 shows that a distribution has order (0, h) with respect to the subgroups (H 1 , H 2 ) if and only if it has order (0, h) with respect to (H ′ 1 , H 2 ) for any other subgroup H ′ 1 complementary to H 2 ; that is, in this special case the definition of "order (0, h)" depends only on the choice of H 2 .
